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Abstract. The universal Vassiliev-Kontsevich invariant is a functor from the 
category of tangles to a certain graded category of chord diagrams, compatible 
with the Vassiliev filtration and whose associated graded is an isomorphism. 
The Vassiliev filtration has a natural extension to tangles in any thickened 
surface M X I but the corresponding category of diagrams lacks some finite- 
ness properties which are essential to the above construction. We suggest to 
overcome this obstruction by studying families of Vassiliev invariants which, 
roughly, are associated to finite coverings of M. In the case M = C*, it leads 
for each positive integer N to a filtration on the space of tangles in C* X J (or 
"B-tangles") . We first prove an extension of the Shum-Reshetikhin-Turaev 
theorem in the framework of braided module category leading to B-tangles 
invariants. We introduce a category of 'W-chord diagrams", and use a cyclo- 
tomic generalization of Drinfeld associators, introduced by Enriquez, to put 
a braided module category structure on it. We show that the corresponding 
functor from the category of B-tangles is a universal invariant with respect 
to the N filtration. We show that Vassiliev invariants in the usual sense are 
well approximated by N finite type invariants. We show that specializations 
of the universal invariant can be constructed from modules over a metrizablc 
Lie algebra equipped with a finite order automorphism preserving the metric. 
In the case the latter is a "Cartan" automorphism, we use a previous work 
of the author to compute these invariants explicitly using quantum groups. 
Restricted to links, this construction provides polynomial invariants. 



Contents 

0. Introduction 1 

1. Reminder and definitions 4 

2. Examples coming from cyclotomic Hecke algebras 9 

3. iV-Chord diagrams 1C 

4. The Kontsevich- Vassiliev invariant 15 

5. Braided module categories and B-tangles invariants 19 

6. Construction of the universal invariant 22 

7. Approximating Vassiliev invariants 27 

8. Specializations and quantum invariants 28 
References 31 



0. Introduction 

Finite type invariants are those numerical knot invariants whose "(n + l)th de- 
rivative", in some specific sense, vanishes for some n. Since their discovery around 
1989 by Vassiliev, it became clear that there is a deep relation between finite type 
invariants, Lie theory and quantum topology. Indeed, the collection of all finite type 
invariants dominates all quantum invariants, including the various knot polynomi- 
als. Kontsevich iKonl then gave an essentially complete description of the space 
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of finite type invariants, by constructing a "universal" invariant taking its values 
in some space of Feynman diagrams. The Kontsevich integral not only provide 
a powerful knot invariant, but shed some light on the topological background of 
deformation-quantization theory. 

Let IK be a field of characteristic and V be the K-linear span of isotopy classes 
of knots in R 3 , then K- valued knots invariants may be identified with linear map 
V — > K. A singular knot can be identified with a formal linear combination of 
non-singular knots by repetitive use of the Vassiliev skein relation^ rval : 

This define a filtration on V by letting X n to be the linear span of knots having 
a least n singularities. A finite type invariant of type (or degree) at most n is a 
knot invariant whose extension to V vanishes on I n +i for some n, i.e. an element 
of Hom(F/I„ + i,K). 

It follows that an invariant of type n applied to a singular knot with n singulari- 
ties is blind to its topology, meaning that its value does not change if one replace an 
overcrossing by an undercrossing and vice versa. Hence, it is sensitive only to the 
combinatorial information corresponding to the position of singularities. Therefore, 
any finite type invariant induces an invariant of a combinatorial object (a chord di- 
agram) encoding this information. One then shows that every finite type invariant 
descend to a linear map on the space A of chord diagrams modulo the so-called 4T 
relation (see section rp|) . Since the latter is homogeneous, A is graded and hence 
inherits a natural filtration. The fundamental theorem of Vassiliev invariants states 
that the space of finite type invariants is isomorphic, as a filtered vector space, to 
the graded dual of A. We refer the reader to Bar-Natan's survey ibnii for a detailed 
exposition on finite type invariants. 

The proof of this result relies on the construction of a universal finite type invari- 
ant: this is a filtration preserving linear map Z from V to the degree completion of 
A, whose associated graded is an isomorphism. Hence, if / is a finite type invariant 
and / the linear form it induces on A (its "symbol") then 

/ = / o Z + ( lower degree terms ). 

This was first proved for knots by Kontsevich iKoTil by integrating a formal analog 
of the KZ connection. As hinted by Kontsevich himself, it was then observed that 
such an invariant can be obtained through a kind of Markov trace from Drinfeld's 
universal representation of the braid group, which also comes from the KZ con- 
nection [Drol . This representation depends algebraically on a formal power series 
(the KZ associator) in two non-commuting variables satisfying a set of algebraic 
equations. It turns out that any formal power series satisfying the same set of 
equations leads to a representation of the braid group having similar properties. 
Such elements are called Drinfeld associators. 

Hence, a combinatorial formula for a universal finite type invariant involving 
Drinfeld associators was then given by Le-Murakami IlmI and Piunikhin Pi , allow- 
ing the generalization of Kontsevich's theorem to tangles. Finally, it was put in the 
categorical language by Cartier [Cjj], Bar-Natan IBN21 and Kassel-Turaev IktI . 

The proof goes as follows: both tangles and chord diagrams can be thought of as 
morphisms in certain categories Tang and CD having the same objects. It follows 
from [Drol that each choice of a Drinfeld associator leads to a ribbon structure on 




Here as usual we draw only the part of the knots which is involved in the relation, and assume 
that they are identical outside the picture. 
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the degree completion CD of CD. By Shum's theorem [3h], the tangle category is 
universal among ribbon categories, hence one gets a functor 

F : Tang — ► CD 

which is shown to be a universal finite type invariant. Working in a categorical 
setting already makes it clear that this invariant is compatible with the composition 
of tangles whenever it is defined. Drinfeld prove in loc. cit. that associators with 
rational coefficients exist and can be constructed recursively. Hence such a functor 
exists for K = Q and can be combinatorially computed up to any degree in a finite 
amount of time. 

A very important feature of the space of invariants of some given degree (or 
equivalently of the graded pieces of the space of diagrams) is that it is finite dimen- 
sional. In particular, the space of diagrams associated to pure braids is a finitely 
generated algebra, which is the basic ingredient in the definition of the KZ equation 
and of Drinfeld associators. 

While the Vassiliev skein relation makes perfectly sense for knotted objects in a 
thickened surface M x I, the above mentioned finiteness properties fails if tvi(M) 
is infinite. This can be roughly explained as follows: it is still true that a degree n 
finite type invariant applied to a knot K in M x I with n singularities is blind to 
the topology of K. But it is, in general, not blind to the topology of the surface 
itself, in that in can see the element of m(M) induced by K. Hence, it induces a 
function on a space of diagrams labelled by tti(M) whose graded pieces are infinite 
dimensional. 

This is a strong obstruction to the construction of a universal finite type invari- 
ant enjoying some desirable features. It implies for example that one cannot use 
Chen iterated integrals which are the basic ingredient of Kohno's construction of a 
universal finite type invariant for pure braids iKohii . Indeed, it is known [bf] that if 
the genus of M is strictly positive, then a universal multiplicative invariant for the 
pure braid groups of M cannot exist. A universal invariant for links thus cannot 
be obtained through a Markov trace. 

This motivates the study of sub-families of finite type invariant which, when 
applied to a knot (or tangle) with enough singularity, distinguishes its representative 
in ni(M) only modulo a given cofinite subgroup H of m(M). We give a general 
definition in the case of the pure braid group P n (M) of M in section 1 explain how 
this is related to finite covering of M and show that in many cases the collection 
of these invariants is as strong as the collection of finite type invariants. That 
H is cofinite implies that the associated graded of P n {M) with respect to this 
filtration is finitely generated. This definition also makes sense if H is not cofinite, 
and the case H = {1} gives back the Vassiliev filtration. On the other hand, the 
filtration associated with H = 7Ti(M) coincides with the filtration by the powers 
of the augmentation ideal of K[P n (M)}, which was extended to tangles by Habiro 
under the name "A- filtration" [Ha]. Our construction can thus be thought of as an 
interpolation between theses two filtrations, which coincide in the classical case. 

We then focus on the case M — C* , i.e. on tangles in the solid torus (which 
we call B-tangles). Note that a universal finite type invariant for B-knot [Go] and 
B-links iamriIlTI was already constructed, but they are a priori not functorial nor 
extensible to tangles. Also, that they take values in a space of infinite type makes 
them difficult to handle from an algorithmic point of view, contrasting with the 
classical case. 

Recall that the skeleton of a tangle is its underlying abstract oriented 1-manifold. 
We introduce for each integer TV > 1 a A-filtration {I n ,N(S)} n >i on the space of 
B-tangles on a given skeleton S, which has a natural geometric interpretation by 
extending the notion of singular tangles. It leads to a notion of A-finite type 
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invariants (section [1}. As a first example, we show that, upon some specialization, 
the invariants for B-knots constructed by Lambropoulou in La[ from traces on 
cyclotomic Hecke algebras are of iV-finite type (section [2]) . 

We then introduce (section [3]) a space of TV-diagrams and show that any iV-finite 
type invariant descend to a function on the quotient Bn(S) of the space of diagrams 
by a set of explicit relations. 

The main result of this paper can be stated as follows: 

Theorem 0.1. For all N > 1, for any skeleton S, there exists a well-behaved uni- 
versal N -finite type invariant, that is a combinatorial, filtration preserving, functo- 
rial linear map defined over Q from the space of linear combinations of B-tangles 
with skeleton S to P>n(S), whose associated graded is an isomorphism. 

In particular, the space of A-finite type invariants is isomorphic as a filtered 
vector space to the graded dual of Bjy(S). 

We recall in section@]the categorical construction of the Vassiliev-Kontsevich in- 
variant. We prove in section[S]a generalisation of Shum's theorem in the framework 
of braided module category. It provides a systematic way of producing B-tangles 
invariants. Key to the second part of the proof is a cyclotomic analog of the no- 
tion of associator developed by Enriquez lEnTl : this is a pair (^1/,$) where $ is an 
ordinary associator, and ^ is a formal power series in A + 1 non-commuting vari- 
ables satisfying a set of equations. We give our main construction in section [SI we 
introduces a notion of A infinitesimal braided module category and show that the 
category BCDat of A diagrams is universal among such structures. We prove that 
the choice of a cyclotomic associator ('J, $) turns the degree completion BCDat of 
BCDat into a braided module category over the ribbon category structure on CD 
coming from Finally, we show that the functor 

G : BTang — ► BCDat 

is a universal TV-finite type invariant. 

We then show in section [7] that usual Vassiliev invariants are "well approximated" 
by the collection of all A-finite type invariants. More precisely, we construct a 
functor from BTang to the "profinite completion" of the categories BCDat for all 
N, whose associated graded is faithful. 

Finally, in section[51 we constructs specializations of this invariant (a.k.a. weight 
system) . It is well known that representations of the category of ordinary diagrams 
can be constructed out of a metrizable Lie algebra, that is to a Lie algebra g 
together with a non-degenerate t £ S 2 (g) s . In very much the same way, equipping 
g with a Ath order automorphism a preserving the metric allows to construct 
realizations of BCDat for each g- module V and each fj-module M where f) = g a . 
Using author's previous results [Brol . we show that these specializations can be 
explicitly computed using quantum groups, in the case where g is simple and a is a 
Cartan automorphism. Restricted to links and if M is a one dimensional rj-modulc 
given by an integral weight, these invariants are in fact Laurent polynomials in one 
variable, generalizing the Jones polynomial and other polynomial invariants in a 
very natural way. 

Acknowledgments. I would like to thanks Benjamin Enriquez, Philippe Humbert 
and Gwenael Massuyeau for useful discussions and comments. 

1. Reminder and definitions 

1.1. Motivation: iJ-finite type invariants for pure braids. Let M be an 

orientable surface. The pure braid group P n (M) of M is the fundamental group of 
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the configuration space 

X n (M) ={(z u ..., z n ) € M n , i^j^ziyt Zj } 
There is a canonical surjective group morphism 

P n (M) — ► 7n(M)" 

which maps any pure braid to the n-uplet formed by the homotopy classes of its n 
strands. It induces an algebra map 

K[P n (M)] — >K[7n(M) n ]. 

Let /„ be its kernel, then the Vassiliev filtration for K[P n (M)] coincides with the 
filtration induced by the powers of I n . 

If p : M — > M is a regular finite covering of M associated to a cofinite subgroup 
H of 7Ti(M), one can define the orbit configuration space 

X n>H (M) = {(z 1 ,...,z n ) G M,i^j^p(zi)^p( Zj )} 

Let P n ^n(M) be the fundamental group of X ni n and Gh = iri(M)/H, then p 
induces a short exact sequence 

1 Pn,H(M) ->• ^n(M) ->• G# ->■ 1 

where the last map is the composition 

P n (M) -> tti(M)" G£ 

Through the natural identification X„(M) = X n ^H(M)/G H , one can represent 
elements of P„ (M) as an union of paths in M whose start point and end point are 
not necessarily equal but related by the action of Gh- 

Definition 1.1. LetX n ^{M) be the kernel of the corresponding algebra map 

K[P n (M)} — ► K[G H ] 
An invariant of H -finite type is a linear map 

f : K[P n (M)} -+ K 
such that f(l n ^H(M) k ) = for some k. 

Remark 1.2. Although it is not cofinite, it makes sense to take H = {1} in the 
above definition. In that case, one obviously recover the usual notion of finite type 
invariant. On the other hand, if H = m(M), X n _a{M) is the augmentation ideal 
of K[P n (M)}. 

This definition is motivated by the following easy fact: 
Proposition 1.3. Assume that tt\{M) is residually finite. Then for all n>0, 

I | %n,H = %i 

H cofinite subgroup of 7ri (M) 

It means that if 7Ti(M) is residually finite, then the collection of all i?-finite type 
invariants for all cofinite subgroups H is as strong as the collection of finite type 
invariants in the usual sense. Since P nt n{M) is a finitely generated fundamental 
group of a nice topological space, contrasting with the above-mentioned negative 
result, we can make the following conjecture: 

Conjecture 1.4. Let Ip n h (m) be the augmentation ideal o/ K[P nj #(M)] and 
grK[P n , H (M)) = J] iJ, il(lf) /ft {Jf) . 

fc>0 
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There exists a filtration preserving algebra morphism 

K[P n (M)] -> giK[P nM (M)} x G n H 
whose associated graded is the identity. 

Indeed, this conjecture is true in the following cases: 

• If M is a torus, K = Q and H = I? (EH) 

• If M is a compact surface of genus g, K = C and H = wi(M) f lBellEnSl ) 

• If M = C*, K = Q and iJ = iVZ f lESIl l 

Assume now that M = C*. In that case, the point z = can be thought of as 
an additional fixed strand. In particular, P n (C*) is isomorphic to P n +i, the usual 
pure braid group on n + 1 strands. Recall that the braid group B\ of C* is the 
braid group of Coxeter type B. 

Proposition 1.5 ( iBril ). The group B>\ admits the following presentation: 

B\ = (T, (Tl, . . . , CT n _l | TO~l TG\ = 0~\ TO~\ T 
TOi ~ (JiT if i > 1 

a l o- i+ io- l = a. l+1 <7i0- l+1 Mi G {1, . . . , n — 2} 
o~iO~j = (TjUi if \i - j\ > 2) 

Let T n j\f be the kernel of the algebra morphism 

K[P„+i] — >■ K[(Z/JVZ) n ] 
and I n ,jv be the ideal in K[£?*] generated by 

t n - 1 a - a" 1 

It is easily checked that 

This allows to give a description of the above filtration in terms of singular braid, 
by allowing singularities with this additional strand as well. Moreover, working 
instead with paths in the finite covering of C* associated to the map z H > z N 
allows to draw singular analogs of each r k , k = . . . N — 1 and their corresponding 
resolution. For example, for k = 1: 



CiV 



It shows that, like in the usual Vassiliev theory, elements of T n ^ are obtained 
by taking the difference between the two possible small perturbations of a singular 
path. 

1.2. Tangles, chord diagrams and the fundamental theorem. Let us begin 
with some standard definition: 

Definition 1.6. A skeleton S is the data of: 

• a one dimensional, compact, oriented manifold X with (maybe empty) bound- 
aries 

• a partition of OX into two sets source(S') and target(5) together with a 
choice of a total ordering on these sets 
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The sequence source(S) (resp.taiget(S)) is represented by a word s\ . . . Sk (resp. 
t\...ti) in {+,— } where Si = + (resp. ti = —) if the corresponding interval is 
oriented towards the corresponding boundary component and — ( resp. + ) otherwise. 

Definition 1.7. Two skeleton S\,S2 are composable if target(Si) = source^). 
In that case the composition of the two is obtained by stacking S\ over S2 ■ 

Definition 1.8. An oriented tangle T with underlying skeleton S is a smooth 
embedding 1 of (the underlying manifold of) S into C x [0, 1] mapping Si to (i,0) 
andti to (i, 1). A framing on T is an extension of 1 to an embedding of the "ribbon" 
X x [0, 1], or equivalently a choice of a normal unit vector field on l(X). Framed 
oriented tangles are considered up to isotopies preserving the boundary. 

Definition 1.9. A singular tangle with skeleton S is a smooth map X — > C x [0, 1] 

with finitely many double points, considered up to isotopy fixing singular points. 
Orientation and framing are defined similarly. 

Composition of skeleton induces a composition at the level of tangles. 
Let T(S) and ST(S) be the set of tangles and singular tangles with underlying 
skeleton S respectively. Define a linear map 

a : K[ST(S)] — )• K[T(S)] 
by successive application of the Vassiliev skein relation: 

X 

It allows to identify the space of singular tangles with a subspace of K[T(S')] . Denote 
by T n the subspace of K[T(5)] generated by (the images of) singular tangles with 
at least n singular points. Then the sequence 

2b = K[T(S)] D Ii D I 2 • • • 

induces a filtration on K[T(5)]. This filtration is clearly compatible with the com- 
position of tangles. 

Definition 1.10. An invariant f is a Vassiliev, or finite type, invariant of degree 
at most n if 

/(Zn+l) = 0. 

Hence, / induces a well defined element of the vector space Hom(K[T(5)]/2n+i, K). 
It follows easily from the definition that the value of a degree n invariant on a tangle 
with n singularity does not change if one replace an overcrossing by an undercross- 
ing and vice versa. Hence, it is sensitive only to the combinatorial information 
given by the positions of singularities. This information can be encoded into a 
chord diagram, of which we recall the definition: 

Definition 1.11. A chord diagram with underlying skeleton S is a choice of n 
pairs of points of S\dS called chord endpoints, together with an element o/Z/2Z 
attached to each component of S called the residue. 

Composition of chord diagrams is defined as for tangles. The residue on a com- 
ponent k of the composition of two diagrams C, C is given by: 

i j i<i' j<j' 

where cti,fij are the component of C,C contained in k, r(ai),r(/3j) their residue 
and r(aai> ) = if ctj, ay can be embedded in an horizontal strip in such a way that 
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the order of their bottom and top endpoints are preserved and without intersecting 
each other, and otherwise. 

Let Dq(S) be the K vector space generated by chord diagrams with underlying 
skeleton S. It is graded by the number of chords. 

Proposition 1.12. Given a chord diagram C with skeleton S, there exists a sin- 
gular tangle Tc on the same skeleton such that: 

• two points of S are joined by a chord in C if and only if these are the 
pre-images of a singular point of Tc 

• the residue on each component of C matches the residue modulo 2 of the 
number of "twists" of the framing of the corresponding component of Tc ■ 

Every singular tangle is the realization of some diagram, and this realization is 
unique up to crossings flips. 

Remark 1.13. The importance of the residue has been noticed in IktI : it reflects 
the fact that flipping crossings preserve the parity of the number of twists. 

Hence, there exists a well defined surjective map from the space of diagrams with 
n chords to T n (S) /T n+ i(S), and therefore a well defined degree preserving linear 
surjective map 

v : D (S) — ► grK[T(5)] = ($Z n (S)/T n+1 (S) 

n>0 

Dualizing, we get a map / H > / from the space of finite type invariants to the 
graded dual of D (S). 

Definition 1.14. The linear map f is called the symbol of f. 
Let A(S) be the quotient of Dq(S) by the following relations: 



(4T) 



Let A(S) be the degree completion of A(S), and 

K\T(S)} = limK[T(S)]/T n 

The fundamental theorem of Vassiliev invariants can be stated as follows: 

Theorem 1.15 f iBN2ilC^lKTllKonllLMllPil '). For each skeleton S, there exists a linear 
map 

Z s : K[T(S)} — > A(S) 

compatible with the composition of tangles, defined over K = Q and such that if C 
is a chord diagram and Tc a realization of it, then 

Zs(Tc) = C + higher degree terms. 

In particular, it induces an isomorphism of filtered vector spaces. 

Kff(5)] £ A(S) 

This map is called a universal Vassiliev invariant, since for any finite type invari- 
ant / one has 



/ = / o Zs + finite type invariants of lower degree. 
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1.3. Tangles in the solid torus. The definition of tangles in the solid torus is the 
obvious analog of that of ordinary tangles. However, it will be more convenient to 
think again of {0} x [0, 1] as an additional fixed strand, hence to take the following 
equivalent definition: 

Definition 1.16. Let I be an interval. A framed oriented tangle in the solid torus 
(or B-tangle) with underlying skeleton S is a smooth embedding of lUS into Cx [0, 1] 
such that I is mapped to {0}x [0, 1], with the same conditions and the same definition 
of framing as for usual tangles. 

It allows to define easily a generalization of the notion of singular tangle, by 
allowing singular crossing with the distinguished strand as well. 

Definition 1.17. A singular B-tangle with skeleton S is a smooth map lUS-> 
C x [0, 1] mapping I to {0} x [0, 1] with finitely many double-points. 

Let Tb{S) (resp. ST b{S)) be the set of tangles (resp. singular tangles) of type 
B with skeleton S. 

1.4. N- filtration. Following section ITTTl we introduce a way of resolving singular- 
ities of B-tangles. The main difference is that we have to take care of the framing. 
For reasons which will become apparent later, we will assume that the additional 
Artin generator of B\ has a non-trivial framing. 

Let N > 1, define a linear map 

8:K[STb{S)]—>K[T B (S)] 

by successive application of the usual Vassiliev skein relation for singularities be- 
tween ordinary components and the following rule for singularities with the distin- 
guished component 




I I 

Let Xn t N(S) be the image by s of singular B-tangles with at least n singularities of 
either type. Let / be an invariant, i.e. a linear map K[7s(<S)] — ► K. 

Definition 1.18. The map f is said to be of type or degree n with respect to the 
N -filtration if 

f(ln +1 , N (S)) = and f(I n , N {S)) + 

2. Examples coming from cyclotomic Hecke algebras 

In [La], Lambropoulou constructed a family of Markov traces on cyclotomic Hecke 
algebras, of which we recall the definition: let q, u = (u\ , . . . , Un) be a set of 
indeterminates and define H n {q 1 u) as the quotient of the group algebra Kfg^, u] 
by the relations: 

N 

<r? = (g- lfa + q Hir-u.,)^ (2.1) 

»=l 
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Theorem 2.1 (Lambropoulou). For any choice of z ^ 0, Sk G K, k = 1 . . . N, there 
exists AgK and a trace 

tr: |J H n (q,u) — ►K[g ± ,u] 

n>l 

sttc/i i/iai the composition of the renormalized projection 

B\ — ► ffnfeu) 

r i — ► r 

(Ti i — > \f\a l 

with tr yields a knot invariant. 

Now, we prove the following: Let \ be the invariant constructed above, C a 
primitive iVth root of unity, and assume that K(£) C K. Set 

g = e fi = Cq. 

Hence, x specializes to an invariant 

X = c ^ m 

m>0 

Proposition 2.2. The mth coefficient c m of the above expansion is a mth order 
N -finite type invariant. 

Proof. The following relation holds in H n (q, (q(, . . . , gC^ -1 , q)): 

"i-Vi 1 = (q-l)K 1 + l) (2.2) 
On the other hand we have 

N 



= U(T-( i q)=T If -q N 
t=i 

therefore: 

t n -l=q N -1 (2.3) 

Setting q — e K , the right hand sides of (|2.2p and (|2.3[) are divisible by h, and it 
clearly remains true if one compose both sides on the left and on the right by some 
braids a, j3. 

It follows that the extension of x to a singular braid with m + 1 singularities is 
divisible by h ,n+1 meaning that its mth coefficient is 0. □ 



3. TV-Chord diagrams 
3.1. Definition and realization. 

Definition 3.1. A N -chord diagram C with underlying skeleton S is the data of: 

• a list I of pairs of points I U S\d{I U S) called chords endpoints such than 
at least one of the two point of each pair is on S ( in other words, no chords 
has its two endpoints on I). 

• a list of points on S\(l U OS) labelled by an element of "L/N1 modulo the 
following rules: 




- a + b 



• for each component of S , an element o/Z/2Z called the residue. 
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Fix a basepoint zq for 7Ti(C x ) = Z and let U be a simply connected open neigh- 
borhood of z n . Since U is simply connected, if 7 is a path in C x whose endpoints 
are in U, then there is a unique way to close it in order to get a loop based at zq. 
If t is a singular point between a component c of Tq and the distinguished strand, 
we also assume that there is a small open interval p of c containing t, and such that 
the planar projection of p — {t} C U (so is an adherent point of U). Choosing a 
point in p which is just before (resp. after) t with respect to the orientation of c 
allows to consider path arriving (resp. starting) at t. 

Proposition 3.2. Let C be an N -chord diagram with k chords: 

(a) there exists a B-tangle Tq such that: 

• The smooth map I U S i->- Tq can be chosen in such a way that two 
points on C are joined by a chord if and only if these are the pre-image 
of a given singularity 

• All usual singularities of Tq are in U 

• If a is the sum of the elements labeling a part of C between two con- 
secutive singularities, then the corresponding part of Tq may be viewed 
as a path starting and ending in U , hence as an element of Z, which 
we require to be equal to a mod N. 

• The residue on each component is equal to the residue modulo 2 of 
the difference between the total number of twists of the corresponding 
component of Tq and its representative in Z. 

(b) The map C 1— > Tq is well defined modulo Xk+i,N{S) 

(c) every singular tangle is Tq for some diagram C 

Proof, (a) Tc can be constructed in the obvious way: "contract" each chord in order 
to create singular points, add for each label the required number of loop around 
and the same number of twists, and add a twist on each component for which the 
residue does not match. 

(b) if T\ , T 2 are associated to C, one can go from T\ to T 2 by flipping crossings and 
applying the following move: 




since the chord diagram determines the 
between two singular points, 
(c) clear. 



representative modulo TV of each path 

□ 



Here is an example of a iV-diagram and a realization of it. The knot is given 
the blackboard framing, hence its twist number is 1, and since there is one negative 
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loop around 0, the residue of the diagram is 1 — (—1) mod 2 = 0. 





Let Dn(S) be the K- linear span of iV-diagrams with skeleton S. Thanks to the 
above proposition, there is a well defined surjective map 



On(S)^0I M (S)/Ihi ; 



N 



k=0 



By duality, we have the following: 

Corollary 3.3. Let f be an invariant of N -type k. Then f induces a map 

f:D N (S)^K 

which we call its symbol. 

3.2. NT and labelled 4T relations. 

Proposition 3.4. Let f be an N-finite type invariant. Then its symbol f descends 
to a function on the quotient of Djy(S) by the following relations: 



(Nat) 

b 

-b 



a < 




' a 








i a 




























a « 




i a 








• a 



b 

-a-b* 



b 

-b* 



a + b 
-b 



—a* * * —a* 

(labelled 4T) 



E 



-a * 



E 



—a 



(NT1) 



a ■ 
—a ■ 











E 



b — a 
-b 



-a * 



E 



b 

a — b 
-a * 



(NT2) 



CYCLOTOMIC ASSOCIATORS AND TANGLES INVARIANTS IN THE TORUS 

Proof. The two first relations are consequences of the following identities: 
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We will prove only (INTip . the proof of the second one is similar, and let us assume 
that N = 3 for simplicity. We start from the following equality: 
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and write it as an alternating sum of a sequence of crossing flips going from one 
picture to the other, starting from the top: 




Then, these elements pairwise leads to an additional singularity, e.g. 




Moreover, at each step until the last four ones, the number of loops before and after 
the singularity are opposite. The last four terms pairwise leads to an additional 
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singularity with the distinguished strand, e.g.: 
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Hence, one get a sum of eight singular braids which are realization of the diagrams 
involved in (|NTT|) . 

□ 



Hence, we define Bn(S) as the quotient of Djy(S) by the above relations. 



4. The Kontsevich-Vassiliev invariant 

4.1. Ribbon categories. A (braided) monoidal category is the categorical analog 
of a (commutative) monoid, where associativity (and commutativity) holds only up 
to isomorphism. More precisely, a monoidal category is a category C together with: 



• a bifunctor ® : C x C — > C 

• a natural isomorphism a : (- 



-) ® > — ® (— ® — ) (the associativity 

constraint) 

• a natural isomorphism ft : — ® > — ® op — (the commutativity constraints) 

• an object I in C (the unit object) 

such that 

VAeC, I ® a = A® I = a 

and the following diagrams commutes for any objects A, B, C of C: 

(A(g>(B(g>C))(g>D 



oia,b,c ® idn 

{{A®B)®C)®D 



OLA,B®C,D 



A®((B®C)® D) 



idA ®a B ,c,n 



(A®B)®(C®D) — > A® (B® (C®D)) 



A®{B®C) > {B®C)®A 



(A®B)®C 



B®{C®A) 



Pa,b ® idc 



id s <S>/3a,c 



(B ® A) ® C > B®(A®C) 
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{A ® B) <g> C C®(A®B) 




A®(C®B) {A®C)®B 



We also require that 

Ul,A,B = 0>A,I,B = OLA,B,I = idA®B Pi, A = Pa,I = idyl 

A strict braided monoidal category is a monoidal category for which a — id, and a 
braided monoidal category is symmetric if Pb,a ° @A,B — id^^s for all A,B<eC. 

Every monoidal category is equivalent to a strict one ImlI . Let us recall from [Ca] 
(see also [Ka] Chap. xi. 5]) the following constructive version of Mac Lane's theorem. 
Let C str be the category whose objects are finite sequences of objects of C. The 
concatenation of sequences defines an associative tensor product on C str . For any 
sequence S = (Vi, . . . , V n ), let F(S) be its standard tensor product 

F(S) = {...((V 1 ®V 2 )®V 3 )...)®V n . 

Set 

Eom c ^(S,S') := Rom e (F(S),F(S')) 

Then F induces a functor C str — > C which is clearly fully faithful, and since 
every tensor product of a finite sequence of objects in C is canonically isomorphic 
to a standard one, F is also essentially surjective. For any two objects of C str , the 
associativity constraint of C induces a canonical isomorphism 

F((v u .. . ,V k )) ® F({W U ...,Wi))^ F((V U ...,V k ,W u ...,Wt)) 

which allows to define the tensor product of morphisms in C str , which is therefore 
a strict monoidal category equivalent to C. 

A strict (braided) monoidal category is called rigid if there exists a contravariant 
endofunctor A — > A* of C and natural morphisms 

coev^ : I A ® A* e\ A ■ A* (g> A ->• I 

such that 

(id (g) ev) o (coev £g> id) = (ev £g> id) o (id <g> coev) = id 
If / € Hom(A, B), then /* € Hom(B*, A*) is defined by 

/* = (ev B (g)id^«) o (id B » 0/ <g> id^«) o (id B « (gcoev^) 

A ribbon structure on a strict braided monoidal category (C, id, 0) is a natural 
automorphism 6 of the identity functor satisfying: 

• Qa®b =0 a ® ObPb,aPa.b 

• e v , = {e v y 

4.2. The tangle category. Let Tang be the category constructed as follow. Its 
objects are elements of the free monoid on the set {+, — }, and the tensor product is 
given by concatenation. If \w\ is the length of a word w, then Hom(u>, «/) is given by 
the K-linear span of isotopy classes of tangles whose skeleton S satisfies source(5) = 
w, target (5) = w'. The tensor product of two morphism /, g is obtained by putting 
a tangle representing g to the right of a tangle representing / in such a way that 
there is no mutual linking. 
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Remark 4.1. In particular, Hom(0) is the algebra generated by isotopy classes of 
framed oriented links with composition given by the disjoint union, and Hom(+) is 
the algebra of framed oriented links with a distinguished component with compo- 
sition given by the connected sum along the distinguished component. 

A commutativity constraints ww' — > w'w is given by the tangle (with the appro- 
priate orientation) constructed by taking |iu| straight lines crossing a bunch of \w'\ 
straight lines: 




A ribbon structure is obtained by taking \w\ straight lines and applying a twist to 
all strands together: 

\\\ 



Duality is defined by declaring that + and — are dual one to each other. Finally, 
evaluation and coevaluation are given by the following diagrams: 

Theorem 4.2 ( IrtI IShl ). The category Tang is the free ribbon category one one 
object: for any ribbon category C and any V G C, there exists a structure preserving 
functor F : Tang — > C mapping + to V . 

4.3. Construction of the universal invariant. 

4.3.1. Infinitesimal braided monoidal category. An infinitesimal braided monoidal 
category is a strict symmetric linear monoidal category with duality (C,id, a) to- 
gether with a natural endomorphism t of the bifunctor ® satisfying: 

• to a = a ot 

• t x ,Y®z = t x ,Y ® idz +{°~x)y ® idz) ° (tx,z ® idy) ° (ctx,y ® id z ) 

Let CD be the category having the same objects as Tang and whose morphisms 
are given by K linear combinations of chord diagrams with composition, tensor 
product and duality defined as for Tang. Define CD similarly but by replacing the 
vector spaces of chord diagrams by their degree completion. For w S CD, let t 1 ^ 
be the chord diagram obtained from id^, by drawing a single chord between the ith 
and the jth component. 
Set 

\w\ \w f \ 

t , - We -t hM+J 

i=l 3 = 1 

where e^j = 1 if the ith letter of w and the jth letter of w' are identical, and 
ejj = — 1 otherwise. 





18 



ADRIEN BROCHIER 



The braiding is denned as for Tang but without distinguishing between over and 
undercrossings. We also declare that t w $ = t$. w = id w . 

Let (C,a,t) be an infinitesimal braided category and define a category C[[H]] as 
follow: it has the same objects as C. For X, Y € C, set 

Hom c[[fi]] (X, Y)=K[[H}\ ® K Hom c (X, Y) 

Theorem 4.3. • CD and CD are infinitesimal braided category. 

• for any infinitesimal braided category (C,a,t) and any V G C there exists 
unique functors 

F : CD — > C 

and 

F : CD — > C[[h}} 

such that 

F(+) = F(+) = V 

and 

F(t+.+) = t v , v Ht+,+) = Ktv,v 

4.3.2. Drinfeld associators. An horizontal chord diagram is a chord diagram whose 
underlying skeleton is made of n vertical intervals oriented downwards and for which 
each chord join two different component and does not intersect any other chord. 
Let A n be the space of horizontal chord diagram with n components. Composition 
of chord diagram turn A n into an algebra. Let 

l i3 — l +H h 

Clearly A n is generated by the Uj's. 

Let f 2 be the completed free Lie algebra on two generators a, b and Ufa) be its 
enveloping algebra. If A is a complete separated filtered algebra and x, y € A, then 
there is a unique algebra morphism sending a to x and b to y. If / G (f 2 ) ; denote 
by f(x,y) the image of / through this morphism. The algebra Ufa) has a natural 
structure of bialgebra by setting A(x) = a;®l + l®a; and e(x) = for all x in 
Recall that a group-like element in a Hopf algebra is an element <f> such that 
A((j)) = (j) ® <j> an d e {4>) = 1- An element of £7(f 2 ) is group-like if and only if it is of 
the form cxp(a;) for some 1 e f 2 . 

Definition 4.4. A Drinfeld associator, or associator for short, is a group-like ele- 
ment $ of C/(f 2 ) satisfying the pentagon equation 

$(*12, *23 + *24)$(*13 + t 2 3,t 3 i) = $(*23, *34)$(*12 + tl3, *24 + *34)$(*12 , h S ) 

in A4 and the hexagon equation 

exp(o/2)$(c, a) exp(c/2)$(6, c) exp(6/2)$(a, 6) = 1 
Theorem 4.5 (Drinfeld). There exists an associator with rational coefficients. 
Let <I> be a Drinfeld associator and define natural automorphisms in CD by: 

Q-w.w'.w" — *&(tw,w' j t w ' _ w " ) f^w,w' C"Xp(^u>,w') O (J 

W = exp(C w ) oj w C w = -(coev^ (8)d w ) o (t WiW * <g> id„,) o (ev„, (g) id w ) 

where 7^ is obtained from id w by putting the residue 1 on each component. 
Let CD be the strict monoidal category associated to CD. 

- — - str 

Theorem 4.6. The category CD is a ribbon category. 
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Hence, there exists a functor 

F : Tang — > CD*' 

as in theorem 14.21 Then the fundamental theorem of Vassiliev invariants can be 
stated as follows: 

Theorem 4.7. The functor F is a universal finite type invariant with respect to 
the Vassiliev filtration. Equivalently, F factor through a filtration preserving iso- 
morphism of categories 

Tang ■=» CD'*" 

5. Braided module categories and B-tangles invariants 

5.1. Braided module categories. Let (C,a) be a monoidal category. Letting 
C act on another category leads to the notion of (right) module category over a 
monoidal category: this is a category M. together with a bifunctor % : M. x C — >• M. 
and a natural isomorphism jm,v,w ■ (M ®V)®W — > M ® (V ® W) for M S M 
and V,W £ C satisfying the following coherence condition: 



(M ®(U ®V))®W 

7m,u,v id\y 1m,u®v,w 



((M ®U)®V)®W M ®{{U ®V)®W) (5-1) 

(M <g> U) <g> (V ® WO > M <g> (f7 <g> (V <g> WO) 

A braided module category over a braided monoidal category (C, a, f$) is a module 
category (A / t,'y) over (C, a) together with a natural automorphism 77 of the functor 
® : x C — > .M satisfying r?M,J = idjwr for all M E M and such that the following 
diagrams commutes for M € M., V,W EC: 

{M®U)®V nMmu - v > ( M f/) y 

7M,t/,vj I (7M,t/,v) _1 

M®(£/®y) M<g)(f/®F) 

(5.2) 

M <8> (V <8> t7) Af <g> (V <8> E7) 

(7M,V,[/) _1 | |7M,V,!7 

(M > (M ®V)®U 

Vm.v ® idt/ 

(the octagon) and 

Vm,u ® idv , . Vm®u.w 

{M(g>U)®V > (M ®U)(g)V > {M®U)®V 

M®(U®V) > M®(U®V) 

A module category over a strict monoidal category is strict if 7 = id. Every 
module category M. over a monoidal category C is equivalent to a strict module 
category over C str . As in section |4"TT1 let M str be the category whose objects are 
pairs of an object of M. and a finite sequence of objects of C. Concatenation of 
sequences defines a strict, associative module structure on A4 3tr over C str . Define 
a functor 

F : M str — > M 
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by 



F((M, (V u ..., 14))) := M ® ((. . . ((Vi (8 V 2 ) ® V 3 . . .) ® V^) 



Define 



Hom A< .tr(S ) S / ) = Hom^(F(S*),.F(S")) 



One shows that Ai str is a strict module category over C str , equivalent to (A4,C). 

5.2. The B-tangle category. Let BTang be the category constructed as follows: 
its set of objects is the free right module on one generator • over the free monoid 
generated by {+,—}. Hence they are of the form •u> where w is a word on {+, — }. 
The morphisms set Hom(»u>, •w') is the K vector space of formal linear combination 
of isotopy classes of B-tangles of type B whose skeleton is of type (w,w'). 
Define a right action 



by uw <g) w' = •ww' . The tensor product of two morphisms / G HomBTang(a, b), 
g € HoniTang(c, d)) is given again by putting g on the right of / in such a way that 
there is no mutual linking. 

We have the following generalization of the Reidemeister Theorem: 

Theorem 5.1. The category BTang is generated by the following elementary di- 
agrams (with all possible orientations) 



(gi : BTang x Tang 



BTang 




together with the following relations: 

• Planar isotopy 

• The Turaev moves [Tu] Chap. 1.3.2] 

• The reflection relation 




(5.4) 



• The following relations and their upside down version: 




(5.5) 
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Proof. The proof follows from IrhI Prop. 11] by observing that relations (16)-(19) 
given there are in fact consequences of f|5.5[) above. □ 

For any (wq,w) £ BTang x Tang, define an automorphism t Wq ^ w of wq ® w 
by drawing |wo| straight lines, and \w\ lines making a complete loop around the 
straight lines: 




Theorem 5.2. (BTang, r) is a strict braided module category over Tang. 
Proof. Clear. □ 

Let (C, /3, 9) be a ribbon category, V S C and F the functor 

Tang > C 

coming from theorem 14.21 

Theorem 5.3. Let (-M,7) be a strict braided module category overC and M G A4. 
There exists a unique functor 

G : BTang — ► M 

extending F and such that G(») = M and G(r.. + ) = 7m,v- 

Proof. The condition above determines G uniquely. Therefore, it remains to check 
that it is well defined, which amounts to prove that the relations of the theorem 15. II 
are consequence of the axioms of braided module category. The planar isotopy 
reduces either to properties of the tensor product or to the naturality of 7 and 
/3. The Turaev moves are already consequences of the axioms of ribbon categories 
thanks to theorem 14.21 

For M € M, X, Y € C, the reflection relation reads 

lM,xPx.YlM,Y Py.X = Px,YlM,Y Py,X1M,X 

which, using the octagon equation (I5.2[) can be written 

lM,XlM®X.Y = JM®X,YJM,X 

and this relation holds thanks to the naturality of 7. 
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The right hand side of the first equality in (|5.5p can be written: 




that is: 

(jM,x ® idx*)( id M <&Px,x*){lM,x* ® id x )(id M ®Px*.x) 

(id M (SOx 1 <g> <Tl x ,)(id M ®(/3x, 1 x */ 3 xi,x))( id M«)evx) 
which, using using the defining axioms of braided module categories, can be written 

1m,x®x* (id M ®^®x* ) ( idM ® evx ) 
Then, equality (|5.5[) holds true because of the naturality of 7 and and the fact 
that 

lM,i c = id Af ®0i c = idM 

□ 

6. Construction of the universal invariant 

6.1. Infinitesimal braided module categories and TV-diagrams. Let (C,cr, t) 
be a infinitesimal braided module category. 

Definition 6.1. An N -infinitesimal braided module category over C is a strict 
braided module category (M , 7) over C together with a natural endomorphism u of 
®M such that: 

7 Ar =id 

JV-l 

«M«x,y = &X,Y ° um.y ° o- x ,y + lhl,X t X,Y ° 7m,x 
um,x®y — UM®X,Y + Um,X 

Let BCDjv be the category having the same objects as BTang and whose 
morphisms are given by ./V-chord diagrams modulo the relations of proposition 13.41 
We define similarly an action of CD on BCD. 

Define an automorphism t w of w by labelling each strand of id^, with 1 G Z/7VZ 
if it is oriented downwards, and by — 1 otherwise. It induces an automorphism of 
the module structure of BCDjy by: 
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For w E BCD let tjjj be the iV-diagram made from id w by drawing a single chord 
between the distinguished component and the ith component. For wo G BCD, w € 
CD, define an endomorphism f° w °f ® w by: 



u w ,w / j I UJ t L w w ~ u Wi / 4 ' wow^wqw 'w w I 

i=l \ a / 

\w\ |iuo|-l M 

, \ " .|to |-l+t,|i«o|-l+i' , \ ' \ ' \ ' . -a A,\w \-l+i' a f fil \ 

' / / t M)tu' ~ / y / , / t C M 'w w b w w 'w w K"- 1 ) 

i,i'=l i=l i'=l aSZ/JVZ 
1^1' 



where u>i is the ith letter of w, S Wi = 1 if Wi = — and otherwise, Cw is C_ 
putted on the fcth component, e^i = 1 if the ith letter of wo (• having index 0) 
and the i'th letter of w are identical, and = — 1 otherwise. 

Theorem 6.2. 77ie category BCD^v is an infinitesimal braided module category 
over CD. Moreover, for any pair of an infinitesimal braided module category 
(C, er, t) and an N -infinitesimal braided module category {M., 7, u) over it, the choice 
of objects M, V G A4 x C induces a functor of braided module categories G : 
BCD at -> M such that 

G(.) = M G(+) = V G(-) = V* 

G«+) = W G{t + .+) = t v , v 

Proof. The fact that these elements satisfy the axiom of infinitesimal braided mod- 
ule category is true by construction, but we have to show that these families of 
morphisms define natural morphism in BCD. 

First of all, every diagram can be written as a composition and tensor product of 
the identity and the following elements (with all possible residue and orientation): 




hence it is enough to check the naturality on these elements. 
Naturality of r comes from (|Nat[) which also implies that 



1 11 -1 



i.e. that r, _| ocv + = cv + . Similar pictures shows that r also commutes with coev. 

That t° t ++ commutes with the symmetric braiding is obvious. The fact that t® ++ 
and t® + , commutes with id. <8i+,+ and t® + (g> id+ respectively follows from (|NT1[) 
and JNT2JI. That t° + _ commutes with id. ®t+,_ follows also from (|NT2j) since C_ 
is central. 
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Finally, we have: 



t.,+- o ev = 





a 






a • 




E 


—a : 




+ E 


—a • 




a 




u 


a 







which is clearly equal to 0. 

The functor G is uniquely determined by these requirement. Hence we have to 
show that it preserves the relation of proposition l3.4l The proof that the labelled 4T 
relation is preserved is the same as the proof of theorem 14.31 (which is theorem 5.4 
of IktI ). The first relation in (jNatp follows from the naturality of u. The fact that 
the second relation of (|Nat[) is preserved follows from the naturality of Jm,v®v- 
The image of the left hand side of (jNTip is 

(u M ,V ® idy) o {<JV,V ° U M ,V o Oyy + ^ TiWyV ° ° 1m,v) ( 6 - 2 ) 

a 

By definition of an infinitesimal module category, 

ay,v ° u M y ° o'v.y + ^ 7m°v ° tv.v ° 7m, v = u m®v,v 

a 

hence the naturality of u implies that (|6.2p is equal to 

(o V y o U M ,V ° &V,V + E 7 M?^ ° *V,V ° 7m,v) ° («M,V ® idy) 



which is the image of the right hand side of ([NTT]). The relation (1NT2[) is proved 
similarly. □ 



Let ^[[fi]] be the category having the same objects as Ai, with morphisms 

Rom M[m (X, Y) := Hom M {X, Y) ® K K[[h]}. 

Then Hu and 7 induces an infinitesimal braided module structure over C[[H]\ on 
M[[H}]. 

Corollary 6.3. There exists a functor 

G : BCD at —>M[[h]] 

with the same properties as above, except that 

G?(t° i+ ) = hu M ,v G(t+,+) = ht V y 

6.2. Cyclotomic associators. Key to the present construction is a generalization 
of Drinfeld associator introduced by Enriquez lEnii . 

Definition 6.4. An horizontal N -diagram is an N-chord diagram whose underlying 
skeleton is made of n interval oriented downwards, with residue and having only 
horizontal chords. 

Let B n ^ be the vector space of horizontal chord diagrams modulo 4T, NT1, 
NT2 and Nat. Again, composition of diagrams turns B n> ^ into an algebra. Let 



toi — t a+ 



and 



tij(a) = (r«)- a (id. ®t t3 )(T [l) ) a 
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Remark 6.5. The usual algebra of chord diagrams is the enveloping algebra of the 
holonomy Lie algebra in of the configuration space associated to the pure braid 
group iKoh2ilKohi1 . Likewise, 

B n , N = U(tn lN ) X (Z/iVZ)™ 

where t^jy is the holonomy Lie algebra of the orbit configuration space X ni jvz(C*) 
and is generated by {t 0i ,tij(a)\a £ Z/NZ}. 

Let fjv+i be the degree completion of the free Lie algebra on generators {a, b(i)\i £ 
Z/NZ}. If f £ U(f N+1 ), w £ BCDat and w,w' £ CD, set: 

f Wo ,w,w> ■= f(tw ,w>tw,w>(0), ■ ■ ■ ,t w , w >(N - 1)) £ Homg^g N (w ® w (g> w') 

Definition 6.6 (Enriqucz). A cyclotomic associator is a pair of group-like elements 
^ £ [/(fjv+i), $ £ U(f2) such that $ is an associator and 

*.,+,+ := *(t 0l ,ti2(0), • ■ .,t 12 (N - 1)) £ (B 2 . N ) X C AutgcB^C- + +) 

satis/ies: 

• </ie mixed pentagon equation 

*.,+,++*.+,+.+ = $+.+,+*.,++,+*.,+,+ 

in B 3jN 

• TTie octagon equation 

e (to2+X) a *i2(o))/^ r (2) = ^-1 e *l 3 (0)/2^0,2,l e t 02 /iV T (2) ^0,2,1 ^-l e t 12 (0)/2^ + + 
< + ! + = *(^02,t2l(0),...,i2l(iV-l)) 

= *(ioa,*i2(0),ti 2 (-l), • ■ ■ ,*12(1 " AO) 
Let Cyclo(iV, K) be the set of cyclotomic associators with coefficients in K. 
Theorem 6.7 (Enriquez). For any field K of characteristic 0, Cyclo(iV, K) ^ 0. 

Let f« = fn/Jk where 4 = {i £ f n |x = mod deg/c}. The following result 
shows that cyclotomic associators can be constructed recursively. It is implicit 
in [Enil but can be proved by reproducing the proof of [Drol Prop. 5.8]. 

Proposition 6.8. Let Cyclo^ (N, K) be the set of group-like elements in U (fff +1 (K)) x 

U(f^ e \'K)) satisfying the defining equations of cyclotomic associators modulo degree 
k. Then the natural map 

Cyclo (fc+1) (iV,K) — ► Cyclo (fc) (AT,K) 

is surjective. 

Proof. The set Cyclo(K)(7V, K) is a torsor under the action of a certain pro-algebraic 
group GRTM(N, K) which is a subset of exp(fjv+i(K)) xexp(f 2 (K)). Hence one can 
define the algebraic group GRTM(N, K) W and show that its action on Cyclo(7V, K)W 
is free and transitive by repeating the proof of lEnTI Thm 7.10]. Therefore, the results 
follows from the surjectivity of the natural map 

GRTM(N,K) (k+1) — ► GRTM(N,K) (k) 

which is proved in IefI Lemma A. 3]. □ 

Remark 6.9. It is not known if the natural map from Cyclo(iV, K) to the set of 
associators which send (<E>, \&) to <& is surjective, i.e. if one can freely choose the 
underlying Drinfeld associator. It follows from PEnTl Section 11] that this statement is 
implied by the generating part of the Deligne-Drinfeld conjecture on the Lie algebra 
0tt. 
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6.3. The main construction. Let <f>) 6 Cyclo(iV, IK). Since $ is an associator, 
it leads to a ribbon structure on CD as in section^ Define a natural automorphism 
in BCD at by: 

lw ,w' = e*»o.»(id t( , ®t w ) 

Theorem 6.10. The automorphisms ty Wo , w , w ' cind^ WOtW iwrnBCDjv into a braided 
module category over the ribbon category CD. 

Proof. The mixed pentagon equation and the octagon equation are, respectively, 
direct translations of the commutative diagrams (|5.f [) and (|5.2I) . Hence it remains 
to prove that the diagram (|5.3[) commutes. Since BCD^ is an infinitesimal braided 
module category, 

< ++ =C++< + ®id+ (6.3) 

The naturality of t implies that the two summand of the right hand side of the 
above equation commutes, hence: 

e'°.++ = e '2+.+ o (e*°.+ (g) id+) (6.4) 

Since t® , obviously commutes with the right hand side of (|6.3[) , it also commutes 
with its left hand side. On the other hand, the naturality of t° also implies that 
t+ + commutes with t® ,,. Therefore, + commutes with the left hand side of 
(|6.4p . implying that 

*.,+,+ o e*«.++ o *~+ )+ = e*«+.+ o (e*«.+ <g> id+) 
Finally, using relation (|Nat|) . it follows that 

*.,+,+ ° 7.,++ ° = 7.+.+ ° (7.,+ ® id+) 

as required. □ 

Hence, by theorem 15.31 the functor 

F : Tang — ► CD*'" 

extends to a functor 

G : BTang > BCD^ 

The main result of this paper is the following: 

Theorem 6.11. The functor G is a universal finite type invariant with respect to 
the N -filtration. 

Proof. Let D be a TV-diagram and T be a singular tangle realizing D. We want to 
show that 

G(T) = D + higher order terms 
Since every tangle with m singularities is the product of m tangles with one singu- 
larity, it's enough to check it on these tangles. Moreover, $ and \P are both equal 
to 1 in degree 0, and since they appear only through conjugation it suffices to look 
at the elementary singular crossings. Indeed, 
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Likewise: 




+ higher order terms 



□ 

Corollary 6.12. For each skeleton S and each integer n there exists an isomor- 
phism of filtered vector space (or algebra whenever it makes senses) 

K[T B (S)]/I n+1 , N (S) = B N (S)^ n 

where the right hand side is the part of degree less or equal than n. Hence, the space 
of N -finite type invariant of degree at most n is isomorphic to (-Bat(S')-")* . 

7. Approximating Vassiliev invariants 

The goal of this section is to show that finite type invariants in the usual sense 
are well approximated by iV-finite type invariants. For each skeleton S, let T n (S) 
be the nth piece of the Vassiliev filtration, that is the image of singular tangles 
having at least n ordinary singularities. 

Proposition 7.1. We have: 

N>1 

Proof. Let 1° n(^) ^ e the- space generated by singular tangles with n singularities, 
at least one of which is on the distinguished component. Every element of I" n(S) 
is a linear combination containing at least one tangle having at least one component 
whose representative in Z has an absolute value greater than N/2. Consequently, 

n Cn(s)={o} 

N>0 

□ 

If N'\N, the projection Z/NZ -> Z/N'Z induces a full functor 

Pn.n' : BCDw -> BCD W ' 

by mapping t% to N/N't^, and every other elementary diagram to itself. In partic- 
ular, the induced algebra map 

maps a N cyclotomic associator to a N' cyclotomic associator. Therefore, the 
collection of functors 

F N : BTang ->• BCDat 

can be chosen in such a way that all diagrams of the form 

BTang — > BCDw 

Pn,n' 

BCB N , 
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commutes. 
Let 

BCD^ = limBCDjv 
Corollary 7.2. There exists a functor 

BTang ► BCD^ 

compatible with the Vassiliev filtration, whose associated graded is faithful. 

8. Specializations and quantum invariants 

8.1. Specializations. Let g be a Lie algebra over C and assume that there exists a 
non degenerate t S S 2 (g) 3 . The following fact is, in a somewhat different language, 
due to Kontsevich iKonl (see also iBNiilCallKTl ): 

Proposition 8.1. The category of finite dimensional Q-module is an infinitesimal 
braided category, where the natural endomorphism ty.w * s given by the action oft, 
and the symmetric braiding is given by the permutation P:x®y^y®x. 

Therefore, the choice of an associator leads to a ribbon structure on the category 
of [/( )[[fi]]-modukQ 

Let now a be an automorphism of g satisfying a N = id and (o-(£>o-)(t) = t. The 
Hopf algebra structure of U(g) extends to U(g) x CT Z by setting 

A(cr) = (7(8) a 

The cr-invariance of t imply that it is still a morphism in the category of U(g) x CT Z- 
modules, which is therefore still infinitesimal braided. 

Let [ = g a and m = Im((T — id B ). Then we have a reductive decomposition 

= tffi m 

Let ti be the image of t in S 2 (l) through the projection induced by the above 
decomposition. Set 

i ( ' = m(t\) 

where 

m : U(g)® 2 -4 U(g) 

is the multiplication. 

Proposition 8.2. The category of finite dimensional l-modules is a infinitesimal 
N -module category over U(g) x CT Z-mod. The natural endomorphism t M v is given 
by the action of N(t \ + ^t 2 ' 2 ) and the automorphism o~m,V by the action of a on V . 

Proof. The action is given by the restriction functor 

U(g) Xg- Z-mod — > [-mod 
Since [ = g a , o~m,v is a morphism of [-module. Clearly, 

(c <8> id)(t) = Nti 

a£Z/NZ 



If A is an algebra, we always assume that j4[[/i]]-modules are topologically free C[[fi]]-modules of 
finite type. 
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Therefore, 

7V(id®A)(<i + U 22 ) = N(t\' 2 + t\- 3 + U 2 ' 2 + ht\' 3 + t 2 - 3 ) 
= ^(*J' 2 + 5*? ,2 )+JV(*[ ,3 +5*?' 8 ) 

MEZ./NZ 

as required. The second axiom is obvious. □ 

Therefore, each choice of a cyclotomic associator, a [-module and a U(g) x ct Z- 
module leads to a functor 

BTang — ► C/([)[[fi]] -mod 
which factor through the category of TV-chord diagrams. 

8.2. Explicit invariants. The corresponding tangles invariants can be made ex- 
plicit under some assumptions using a result of the author iBroi . Assume from now 
on that g is semi-simple and that t is two times the inverse of the Killing form. Let 
f) be a Cartan subalgebra of g, and assume that a is given by the adjoint action 
of some element of the simply connected Lie group whose Lie algebra is f), acting 
non-trivially on each root space of g. 

Let Ufr(g) be the quantized enveloping algebra of g. It is a C[[fi]]-Hopf algebra 
generated by (hi, e i ), i = 1 . . . r where r is the rank of g, with relations which can 
be found in lc"Fl Chap. 6.5]. Let Un(t)) be the subalgebra of Un(g) generated by hi. 

Theorem 8.3 (Drinfcld). There exists an isomorphism of algebras 

Un{g) — ► U{g)[[h]] 

whose restriction to Un(t)) is the map given by hi — > hi- 

Therefore, there exists an equivalence of categories 

U(s)[[h\]-mod—>U R (g) 

which we denote by V^[[fi]] H> V%. 

Theorem 8.4 (Drinfcld). The category Un(g) is a ribbon category which is equiv- 
alent, as a ribbon category, to U(g)[[h]] -mod s r for any choice of associator. 

Therefore, for each V € f7(g)-mod, the following diagram commutes: 
Tang > U n {g) -mod 

^\^F\^^ ^^^^ 

C/(g)-mod[[fi]] str 

In particular, if L is a framed link viewed as an endomorphism of in Tang, 
then F Vn (L) = F V {L). 

Recall that the braided structure of Un(g) -mod is given by the action of some 
explicit invertible element 1Z £ Un(g)® 2 , and its ribbon structure by some central 
invertible element 9 S Un(g). The automorphism a extends to an automorphism 
of Un(g), denoted by the same symbol. The coproduct of J7fi(fj) is cocommutative, 
meaning that 1Z is f)-invariant which implies that (<7(g>cr)(i?) = R. Since 8 is central, 
the category Un(g) XI Z-mod is still a ribbon category. 

We have the following generalization of Drinfeld's result: 
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Theorem 8.5 ([B?3]). Set 

E = e n ^ + ^ 2 \l ® a) G U n (l)) ® t/«(fl) x Z 

There exists an invertible element € C^?i(t)) <£> ^(g)® 2 swc/i i/iai the action of 
(E, Vf) turns [/^(h) -mod into a braided module category over Un(g) x CT Z-mod, 
which is equivalent to the braided module category U(t))[[h\\ -mod /or any choice of 
a cyclotomic associator. 

While there is no known general closed formula for "J, the corresponding invari- 
ants can still be made explicit thanks to the following 

Proposition 8.6 ( Bro ). Let TZ — e~ nth 7Z. The element VP satisfies the following 

T&ldtzOTL ' 

^1,2,3^1,2^1,2,3)-! = ( £2, 3) -l£l,2 (g ^ 

In particular, the action of 




on M h ® (V^ n ) is given by 

(id Mfi ^R-y v <8> n -iy 1 E Mh y n <8> id y ® n -i 

**' ft h 

Therefore, to the data of a (g,t, a), a U(q) >i a Z-module V and a (^-module M, 
one can associate a End(Af [[?i]])-valued link invariant obtained as the specialization 
of the universal invariant of theorem 16.111 and an explicit End(M?- l )-valued link 
invariant obtained from the braided module structure of Un{i)) -mod. 

Corollary 8.7. For any framed oriented link L in the solid torus, these two invari- 
ants are equivalent. In particular, if M is one dimensional, then they are actually 
equal. 

8.3. Rational form and specializations. Let U q (g) be the rational form of 
Uh,(q), which is defined over the field Q(g) (see e.g. ICT1 Chap. 9.1]). Let d be the 
smallest integer such that for all A, [i in the weight lattice of g, (A, /i) S (note 
that d is a divisor of the determinant of the Cartan matrix of g). 

Theorem 8.8 ([Lu][Li][Tu]). The braiding and the ribbon element ofUn{o) act on any 
module by a matrix whose coefficient are Laurent polynomial in e n l d . Therefore, the 
category of finite dimensional U q {o)-modules is a ribbon category, after extending 
the scalar from Q(q) to Q(i / ) where v d = q. In particular, for any U q (g) module 
V q , the associated framed oriented link invariant takes values in v~ x \. 

The key fact here is that coefficients of TZ are actual Laurent polynomial in g, 
and that q tt > acts on any weight subspace V\ ® by multiplication by g 2 ( A ^). 

Likewise, it was shown by the author that "J lives in the graded completion of the 
localization of U q (t)) (g) U q {Q)® 2 by some explicitly described multiplicative subset 
of U q (t)) m . Since I" 1 acts on any weight subspace V\ by q( x - x \ we have: 

Proposition 8.9 ( iBroi ). The category of finite dimensional U q (t)) -modules is a 
braided module category over U q (o) -mod. 

Let A £ f)* be an integral weight. It extends to an algebra morphism 

A : U q (\)) — > C(g) 

that is to a U q (t})- module structure on C(q). Therefore, for any U q (g) module V q , 
the resulting invariant for link in the solid torus belongs to C(z/). Finally, letting ( 
be a primitive iVth root of unity and using again relation (|8.ip : 

Corollary 8.10. The above invariant belongs to Q(£)[i/, v~ x \. 
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